


�������	
����

���
��		������

����������	
����		���
����
������		��	���
������	����
����	�



����������	
����		���
����
������		��	���
������	����

����	�

�������	
����
���
��		������

���������	
����������������������������	
�������������������



��������

��������	���
�����	���	������
���
�������	����������������������������
���	�
����� ����	� ��� ������ ���������� ��	� ���� ���	�
����� ��� ���������	
���	�
����� ��� ������ ���������� ���	����� ���� ���� ��� ����	� ��
���� ��	���
��
������

�����
�������	����
������	����	����������������������������
������������
�����������������������������������������������	����
��������
����� ��
���
��� ��� �����	�	� ��� �����������	� ��� ������� ��� ���	�
���� ��	
����	�������������������������	�����	������������	�����������

�������
�������������
������


 ���������
!� �!�"#$%�����	�
��� ���������
��������	�
������
&�	�� #����� '�	���� (����� !�	��� 
�
���� ��� ���� (
��)�����
� )�%�!
 ��������������
�������%�����*+������,*����������-./,0��%����������"��	����$����
 �����	������������������
�	
�������������������

���������1�!����
�����
���2����3���������
��������� 1� ./..� &�	�� #����� '�	���� (����� !�	��� 
�
���� ��� ���
(
��)�����
�)�%�!� ��������������



List of contributors:

Lishamol Tomy, Ph.D.

Associate Professor

Department of Statistics

Deva Matha College

Kuravilangad, Kerala-686633, India

Email: lishatomy@gmail.com

Jiju Gillariose, Ph.D.

Assistant Professor

Department of Statistics

CHRIST (Deemed to be University)

Hosur Road, Bengaluru-560029, India

Email: jijugillariose@yahoo.com

Meenu Jose

Assistant Professor

Department of Statistics

Carmel College, Mala,

Thrissur, Kerala-680732, India

Email:meenusgc@gmail.com





Contents

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Marshall-Olkin Generalized Family of Distributions 1

JIJU GILLARIOSE AND LISHAMOL TOMY

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 MOE Family of Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Generalized MOE Family . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Areas of Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4.1 Record Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4.2 Entropy Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.3 Stress-Strength Reliability modelling . . . . . . . . . . . . . . . . . 9

1.4.4 Time Series Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4.5 Acceptance Sampling Inspection Plans . . . . . . . . . . . . . . . . 10

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Some Distributions Based on Marshall-Olkin Extended Family 18



CONTENTS

JIJU GILLARIOSE AND LISHAMOL TOMY

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 MOE Power Lomax Distribution . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.1 Limiting Distributions of Sample Extremes . . . . . . . . . . . . . . 22

2.2.2 Stress-Strength Analysis and Estimation of Reliability . . . . . . . . 25

2.2.3 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.4 Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2.5 Data Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.6 Truncated Hybrid Double Acceptance Sampling Plan . . . . . . . . 30

2.2.7 Design of the proposed plan . . . . . . . . . . . . . . . . . . . . . . 32

2.2.8 Operating Procedure for the THDASP . . . . . . . . . . . . . . . . . 32

2.2.9 Minimum Sample Size (n) . . . . . . . . . . . . . . . . . . . . . . . 33

2.2.10 Operating Characteristics . . . . . . . . . . . . . . . . . . . . . . . 33

2.2.11 Product Mean Life Ratio λ
λ0

. . . . . . . . . . . . . . . . . . . . . . 36

2.2.12 Demonstration of Application to X-Ray Emitting Machine . . . . . . 36

2.3 MOE Modified Lindley Distribution . . . . . . . . . . . . . . . . . . . . . . 38

2.3.1 Useful Expansions . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.3.2 Moments and Related Quantities . . . . . . . . . . . . . . . . . . . 41

2.3.3 Mean deviation (MD), Bonferroni and Lorenz curves . . . . . . . . . 44

2.3.4 Estimation Method with Simulation . . . . . . . . . . . . . . . . . . 44

2.3.5 Estimation Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.3.6 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3 On an Inverse Marshall-Olkin Extended Distribution 57

LISHAMOL TOMY AND JIJU GILLARIOSE

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57



CONTENTS

3.2 MOE Inverted Kumaraswamy Distribution . . . . . . . . . . . . . . . . . . 59

3.3 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.1 Shape Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.2 Related Distributions and Transformed Variables . . . . . . . . . . 60

3.3.3 Compounding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.3.4 Quantiles and Mode . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.3.5 Moments and Moment Generating Function . . . . . . . . . . . . . 65

3.3.6 Order Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.7 Record Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.4 Stress-Strength Analysis and Estimation of Reliability . . . . . . . . . . . . 67

3.4.1 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.5 Estimation of Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.6 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4 T- Marshall-Olkin X Family of Distributions 78

LISHAMOL TOMY AND MEENU JOSE

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.2 T- Marshall-Olkin X Family of Distributions . . . . . . . . . . . . . . . . . . 79

4.3 Some Members of T-Marshall-Olkin X Family of Distributions . . . . . . . . 82

4.3.1 Exponential- Marshall-Olkin X Family of Distributions . . . . . . . . 84

4.3.2 Half-Logistic Marshall-Olkin X Family of Distributions . . . . . . . . . 85

4.4 Properties of HLMO-X family of distribution . . . . . . . . . . . . . . . . . . 88

4.4.1 Some Useful Expansions . . . . . . . . . . . . . . . . . . . . . . . 88

4.4.2 Moments, Generating Functions And Mean Deviation . . . . . . . . 89

4.4.3 Order Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.4.4 Asymptotic Distributions of Sample Extremes . . . . . . . . . . . . 92



CONTENTS

4.5 Half Logistic- Marshall-Olkin Lomax Distribution . . . . . . . . . . . . . . . 94

4.5.1 Linear Representation . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.5.2 Moments and Generating Functions . . . . . . . . . . . . . . . . . 98

4.5.3 Order Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.5.4 Asymptotic Distributions of Sample Extremes . . . . . . . . . . . . 100

4.6 Estimation of parameters by maximum likelihood method . . . . . . . . . . 102

4.6.1 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.7 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.7.1 The Tobacco Data Sets . . . . . . . . . . . . . . . . . . . . . . . . 104

4.7.2 Service Times of Aircraft Windshield Datasets . . . . . . . . . . . . 107

4.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112



List of Tables

2.1 Numerical values of AB and AMSE when β = 9, θ = 4 and λ = 3 . . . . . 27

2.2 Numerical values of ACL and CP when β = 9, θ = 4 and λ = 3 . . . . . . 28

2.3 Comparison criterion for the data set . . . . . . . . . . . . . . . . . . . . . 31

2.4 Developed minimum sample size for MOEPL distribution and the corre-

sponding acceptance number c when c = 0.2, β = 0.5 and θ = 0.3. . . . . 34

2.5 Design parameters of the THDASP for the MOEPL distribution with c = 0.2, β =

0.5 and θ = 0.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.6 Minimum ratio of true mean life to specified mean for acceptance of lot of

when the lifetime of a product follows a MOEPL distribution. . . . . . . . . . 37

2.7 Probability of Acceptance values for X-ray Emission Machine Data for MOEPL dis-

tribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.8 Some characteristics of the of the MOEML distribution . . . . . . . . . . . 42

2.9 Comparison criterion for Data set 1 . . . . . . . . . . . . . . . . . . . . . . 51

2.10 Comparison criterion for Data set 2 . . . . . . . . . . . . . . . . . . . . . . 51

3.1 Transformations Applied to MOEIKum and the Resulting Distributions . . . . . . . 63



LIST OF TABLES

3.2 Numerical values of AB and AMSE when β = 0.5 and λ = 0.9 . . . . . . . 70

3.3 Numerical values of ACL and CP when β = 0.5 and λ = 0.9 . . . . . . . . 71

3.4 Comparison criterion for the data set . . . . . . . . . . . . . . . . . . . . . . . 73

4.1 Some members of T Marshall-Olkin X family of distributions for different T

distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.2 μ́1, μ2, μ3, S and K for various choices of parameters . . . . . . . . . . . . 101

4.3 AEs, Bias and MSE of parameters based on 1000 simulations of the HLMOL

distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.4 Table 3:(Continued) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.5 Estimated values, log-likelihood, AIC, BIC, AICc, A* and W* for the tobacco

data set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.6 Estimated values, log-likelihood, AIC, BIC, AICc, A* and W* for the service

times of aircraft windshield data set . . . . . . . . . . . . . . . . . . . . . . 110



List of Figures

2.1 Plots of the PDF of the MOEPL model . . . . . . . . . . . . . . . . . . . . 21

2.2 Plots of the HRF of the MOEPL model . . . . . . . . . . . . . . . . . . . . 21

2.3 P-P plot for X-Ray emitting machine that assumes MOEPL distribution . . . 38

2.4 Plots of the PDF of the MOEML distribution . . . . . . . . . . . . . . . . . 40

2.5 Plots of the HRF of the MOEML distribution . . . . . . . . . . . . . . . . . 40

2.6 Plots of the Bias of MLE for η = 0.5 and c = 3 . . . . . . . . . . . . . . . . 46

2.7 Plots of the MSE of MLE for η = 0.5 and c = 3 . . . . . . . . . . . . . . . . 47

2.8 Plots of the Bias of MLE for η = 2 and c = 3 . . . . . . . . . . . . . . . . . 47

2.9 Plots of the MSE of MLE for η = 2 and c = 3 . . . . . . . . . . . . . . . . . 48

2.10 Plots of the Bias of MLE for η = 0.5 and c = 0.5 . . . . . . . . . . . . . . . 48

2.11 Plots of the MSE of MLE for η = 0.5 and c = 0.5 . . . . . . . . . . . . . . . 49

2.12 Plots of the Bias of MLE for η = 3 and c = 0.5 . . . . . . . . . . . . . . . . 49

2.13 Plots of the MSE of MLE for η = 3 and c = 0.5 . . . . . . . . . . . . . . . . 50

2.14 PP and QQ plots of MOEML for Dataset 1 . . . . . . . . . . . . . . . . . . 52

2.15 PP and QQ plots of MOEML for Dataset 2 . . . . . . . . . . . . . . . . . . 52



LIST OF FIGURES

3.1 Plots of the PDF of the MOEIKum model . . . . . . . . . . . . . . . . . . . 60

3.2 Plot of the HRF of the MOEIKum model . . . . . . . . . . . . . . . . . . . 61

3.3 Probability plots for the data . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.4 Fitted PDFs and the observed histogram for the data set . . . . . . . . . . 76

4.1 PDF of HLMOL for Various Values of α, θ, λ and c. . . . . . . . . . . . . . . 95

4.2 HRF of HLMOL for Various Values of α, θ, λ and c. . . . . . . . . . . . . . 96

4.3 Estimated PDF and CDF for the Kw-GL,WL,GL,PL,EL,HLMOL distributions

for tobacco data sets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.4 Estimated PDF and CDF for the Kw-GL,WL,GL,PL,EL,HLMOL distributions

for service times of aircraft windshield data sets. . . . . . . . . . . . . . . . 111

viii


